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Hybrid qubit systems combining electronic spins with nearby (“proximate”) nuclear spin registers
offer a promising avenue towards quantum information processing, with even multi-spin error cor-
rection protocols recently demonstrated in diamond. However, for the important platform offered
by spins of donor atoms in cryogenically-cooled silicon, decoherence mechanisms of 29Si proximate
nuclear spins are not yet well understood. The reason is partly because proximate spins lie within a
so-called “frozen core” region where the donor electronic hyperfine interaction strongly suppresses
nuclear dynamics. We investigate the decoherence of a central proximate nuclear qubit arising from
quantum spin baths outside, as well as inside, the frozen core around the donor electron. We con-
sider the effect of a very large nuclear spin bath comprising many (& 108) weakly contributing pairs
outside the frozen core. We also propose that there may be an important contribution from a few
(of order 100) symmetrically sited nuclear spin pairs (“equivalent pairs”), which were not previ-
ously considered as their effect is negligible outside the frozen core. If equivalent pairs represent a
measurable source of decoherence, nuclear coherence decays could provide sensitive probes of the
symmetries of electronic wavefunctions. For the phosphorus donor system, we obtain T2n values of
order 1 second for both the “far bath” and “equivalent pair” models, confirming the suitability of
proximate nuclei in silicon as very long-lived spin qubits.
PACS numbers: 03.65.Yz, 03.67.Lx,76.60.Lz
I. INTRODUCTION
The coherent manipulation of quantum spins in either
silicon or diamond represents two promising approaches
to the development of a raft of quantum technologies in-
cluding not only quantum computing but also sensing,
metrology and magnetometry. In diamond, the remark-
able properties of nitrogen vacancy (NV) colour centres
for spin-dependent optical read-out and polarization are
the cornerstones of a large number of proposed applica-
tions at the single spin level.1–5 In silicon, shallow donors
(mainly group V atoms including phosphorus) provide
coupled electron-nuclear spin systems which form the ba-
sis for the seminal proposal of Kane for scalable silicon-
based quantum computing.6 There has been much re-
cent progress in single-spin detection and read-out,7–11
complementing studies on ensembles.12–15 Strong mixing
between the donor electronic and nuclear spins leads to
“sweet-spots” of enhanced electronic spin coherence, even
in natural silicon, first investigated theoretically,16–18 and
also with experiments.19,20
Natural silicon comprises mostly spin-free 28Si iso-
topes, but 4.67% of sites hold 29Si impurities with I =
1/2 nuclear spins. Similarly, natural diamond is mostly
spin-free 12C, but 1.1% of the atomic sites are occu-
pied by 13C nuclei for which I = 1/2. In these sam-
ples, 29Si or 13C nuclei represent the major source of
decoherence.21–25 However, interest in these impurities
has now moved far beyond their role as a destructive
source of decoherence to applications ranging from sens-
ing of a few nuclear spins,26,27 to the very recent demon-
strations of quantum registers combining the central elec-
tronic qubit with proximate nuclear spins.28–30
A pair of proximate nuclear spins can interact not only
via direct dipolar coupling, but also via longer-ranged
interactions mediated by the central electronic spin. In
either case, the nuclear spins of the pair may ‘flip-flop’
and the resulting magnetic noise provides a well-known
source of decoherence for both electronic and nuclear
qubits. However, in the case of strong hyperfine cou-
pling between the nuclear impurity pair and the electron
spin, the resulting energy detuning on each partner of
the pair overwhelms the dipolar coupling, suppressing
spin flip-flopping and the associated decoherence within
a so-called “frozen core” region.
The frozen core31–33 is a well-established concept in
electron spin resonance (ESR) studies but is now at-
tracting new interest as a reservoir of protected qubits.34
The boundary radius RFC of the frozen core is commonly
set as the distance at which hyperfine coupling strengths
have decreased to values comparable to the dipolar inter-
actions between neighbouring nuclear spins.34 Represen-
tative values of the latter may be inferred from measured
linewidths; for example, the 127 Hz linewidth of 29Si in
natural silicon35 corresponds to an estimatedRFC ≈ 80 A˚
for the phosphorus donor system (Si:P) which exemplifies
our study.
Hyperfine couplings of proximate 29Si sites in an en-
semble were already resolved spectroscopically in 1969
by continuous wave ESR,36 and their coherence can
now be investigated with, for example, pulsed ENDOR
techniques.18,37,38 For 29Si nuclear spins far outside the
frozen core the value of the echo decay time T2n ' 5 ms
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2FIG. 1: Decoherence of electronic spin qubits by a flip-
flopping nuclear spin bath in natural silicon. The background
plots the spatial electronic wavefunction (for Si:P here); blue
denotes the strong-detuning region, where the energy cost of
a bath spin flip ∆±e ∝ ±(J1−J2) exceeds the strongest intra-
bath coupling C12; it thus corresponds to the usual definition
of the “frozen-core” region. However, electronic spin decoher-
ence is dominated by an active zone (purple colour) of pairs of
nuclear spins which are actually within the blue strongly de-
tuned region, with |∆±e /C12| = |(J1 − J2)/C12| ∼ 10 for Si:P.
The reason is that, while for large |∆±e | flip-flop amplitudes
are strongly damped, qubit state-dependence of the quantum
bath evolution, essential for the entanglement between the
electronic spin and bath which produces decoherence, is also
proportional to ∆±e .
has been measured.39 Very recently,11 the T2n of a prox-
imate single 29Si spin was measured – for the case of an
ionized donor – to be 6.4 ms, close to the measured en-
semble/bulk value reported in Ref. 39. However, for the
single spin, T2n in the presence of the neutral donor (i.e.
within the frozen core due to the electron) was not mea-
sured. This parameter is however of interest to poten-
tial future realisations using 29Si nuclear spin registers in
combination with electronic qubits, analogous to the re-
cent studies of NV− centres with 13C nuclear spins.28–30
Although it has long been known that the large en-
ergy detunings in the frozen core drastically suppress
nuclear dynamics, this regime has not to date been in-
vestigated using more recently developed quantum-bath
models, where decoherence is understood in terms of en-
tanglement between the central spin and bath. This leads
to clear differences between decoherence of the electronic
and proximate qubits, even if in both cases the same
nuclear bath is responsible for the decoherence. The dif-
ferences are summarised in Figs. 1 and 2 and motivate
a more careful look at what is meant by the frozen core
and where, precisely, its boundaries lie. For example, for
the electronic qubits, decoherence is in fact dominated20
FIG. 2: Decoherence of proximate nuclear spins by a quantum
bath of nuclear spin pairs (a) outside and (b) inside the frozen
core. In contrast to electron spin decoherence (for which the
detuning is fully state-dependent, see Fig.1), the detuning is
now ∆e + ∆
±
n : there is now potentially a very large state-
independent component ∆e ∝ (J1 − J2) which simply damps
the bath noise, in addition to a state-dependent component
∆±n ∝ ±(CA1 − CA2 ) which leads to qubit-bath entanglement
and thus decoherence. (a) Far bath model For large R,
the bath spin interaction with both the electron spin and nu-
clear qubit is dipolar, thus |∆±n /∆e| ∼ 10−4 so very weak
contributions from an extremely large bath of 108 pairs for
R . 350 A˚ must be combined to obtain a converged decay.
(b) Equivalent pairs model. In the frozen core there are
comparatively few spin impurities. For equivalent pairs how-
ever, J1 = J2 ≡ J so ∆e ' 0. Their density is determined
by the symmetry of the electronic wavefunction. The require-
ment for strong state-selective detuning implies also that one
member of the pair must be close enough to the qubit to
allow appreciable direct dipolar coupling (as opposed to long-
range coupling between nuclear spins mediated by the elec-
tron). Pairs which also satisfy this requirement (exemplified
by the upper, but not the lower, equivalent pair) are rare
but even a few dozen suffice to exceed the contribution of the
∼ 108 far-bath spin pairs.
3by impurities which lie within the usual definition of the
frozen core, as illustrated in Fig. 1, since the detuning
fully contributes to entanglement.
In the present study, we consider two decoherence
models for the proximate nuclear qubits, either of which,
given certain assumptions, might contribute. Both arise
from pair flip-flops of the nuclear impurities, but un-
der quite extreme conditions, not encountered in typical
qubit decoherence studies.
(1) Far bath model. In this model, we consider the
decoherence from distant nuclear spin pairs, which are
outside the frozen core and thus can flip-flop appreciably.
We show that the typical contribution is so weak that we
must include of order 108 flip-flopping pairs outside the
frozen core, at distances R = 50− 350 A˚ from the donor
site, in order to obtain results converged with respect to
bath size. In contrast, typical quantum-bath calculations
of electronic decoherence require ∼ 103 − 104 pairs to
obtain convergence.
(2) Equivalent pairs model. In this model, the dephas-
ing noise arises from a few dozen nuclear spin pairs, well
within the frozen core, for which: (i) the members of the
pair are symmetrically sited relative to the central spin
and thus have equivalent values of the hyperfine detun-
ing (ii) at least one member is sufficiently close to the
nuclear qubit to have a significant dipolar interaction,
while the other can be remote. They interact via a long-
ranged hyperfine interaction mediated by the electron.
The indirect flip-flopping of these equivalent pairs (EPs)
is found to be most significant, but we include also the
rarer contribution of direct flip-flops between the nuclear
central spin and any equivalent partner it might have.
We obtain T2n values in the seconds timescale both for
individual realisations (relevant to single donor experi-
ments) and also for ensemble averages over many reali-
sations. Though not previously considered, this source
of dephasing is quite generic: equivalent sites may play
a role in any solid state qubit system with a sufficiently
dense surrounding nuclear bath.
Quantum-bath decoherence calculations do not include
all combinatorially allowed spin clusters: there are in
principle ∼ 1010 29Si spin pairs within 350 A˚. For-
tunately, only a smaller fraction are physically signifi-
cant. These are found by numerical search of each ran-
domly populated lattice realization by restricting the se-
lection to, for instance, pairs within a certain distance
and coupling strength. However, applying normal dis-
tance/coupling strength thresholds turned out to be un-
reliable in the frozen core, so a different strategy had to
be adopted to ensure convergence, given the importance
of carefully locating the few dozen or so most impor-
tant EPs which can be quite widely separated. There
is a drastic difference between the choice of spin clus-
ters which must be included in the quantum bath for
each case (a few dozen for the EP model, ∼ 108 for the
far bath model); surprisingly, although the decay curves
have a different shape, the T2n values are comparable.
If electronic symmetries are important, then a strategy
for breaking such symmetries, with external fields might
be considered to obtain an even longer T2n; if the far
bath is dominant, partial isotopic enrichment might be
more useful (consideration of 29Si nuclear spin registers
in the present study naturally precludes full enrichment).
Either way, the combined effect is still a T2n ∼ 1 s even
without any other strategy for ameliorating decoherence,
such as dynamical decoupling control. We note that be-
low 5 K, the electronic relaxation time T1 is also above
1 s and would not limit the nuclear spin coherence.
In Section II, we review briefly quantum bath deco-
herence, for either nuclear or electron qubits. In Section
III.A., we investigate the far bath model and in section
III.B we present the EP model. Finally, we compare T2n
values for both models and conclude in Section IV.
II. DEPHASING DECOHERENCE OF
ELECTRONIC AND NUCLEAR QUBITS
The decoherence of the central electronic spin qubit
is extremely well-studied.21,24,41,42 A dephasing process
arising from noise due to flip-flopping nuclear spin pairs
is responsible as illustrated in Fig. 1. This basic pair
flip-flop mechanism also underlies the decoherence of the
proximate nuclear spins which are the subject of the
present study. Thus it is useful to review briefly the
pair decoherence mechanism within the quantum bath
approach, for both cases.
The decoherence numerics here employ the CCE (clus-
ter correlation expansion) method for solving for quan-
tum bath decoherence,41 which in general can combine
clusters of all sizes, not just pairs. Echo decays of donor
electronic spins, in weak electron-nuclear mixing regimes,
can be well simulated with just the pair correlation.20,42
Where the central and bath spins are the same species,
higher correlations arising from larger clusters may be re-
quired for high accuracy,42 but in both our models would
represent only a minor quantitative correction. It is only
in certain regimes of donors with strong mixing of the
central-spin states,43 that a truly qualitative effect on the
coherence times, arising from larger clusters, is evident.
For either electronic (e) or nuclear (n) spin decoher-
ence, dephasing arises from entanglement with a quan-
tum bath. The qubit is prepared in a superposition of
its upper |+〉n,e and lower |−〉n,e states by an applied
resonant pi/2 pulse at t = 0:
|Ψ(0)〉 = 1√
2
(|+〉+ |−〉)n,e ⊗ |B(0)〉 ⊗ |φ(0)〉e,n (1)
where |φ(0)〉e,n denotes the initial spin state which is not
resonant with the external control pulses, while |B(0)〉
denotes an initial state of the bath. We now consider
the effect of a single nuclear impurity pair (both I = 1/2
spins); then, |B(0)〉 is one of the four thermal states:
{|↑↓〉 , |↓↑〉} or {|↑↑〉 , |↓↓〉}. The joint dynamics of the
qubit spins and bath are given by:
Hˆ = Hˆq + Hˆint + Hˆbath, (2)
4where the qubit Hamiltonian Hˆq = γeω0Sˆz + γnω0Iˆ
A
z
represents the Zeeman terms for the electron and nu-
clear qubit (labelled A), either one of which is resonant
with any applied control field. Here we limit ourselves to
the unmixed cases where any coupling between the qubit
and the host nuclear spin is neglected. The interaction
Hamiltonian:
Hˆint =
∑
i=1,2
(Sˆ · J+ IˆA ·CAi ) · Iˆi (3)
represents the hyperfine coupling J between the central
spin and bath spins and the dipolar interaction CAi be-
tween the resonant nuclear qubit and the remainder of
the 2-spin bath. For simplicity, we do not include explic-
itly the term Sˆ · J · IˆA coupling the electron to the reso-
nant nucleus, which is only significant in the specific (but
minor) contribution from direct flip-flopping processes.
Finally, the intrabath coupling Hˆbath = Iˆ1 · C12 · Iˆ2 '
C12Iˆ
z
1 Iˆ
z
2 −
C12
4
(Iˆ+1 Iˆ
−
2 + Iˆ
−
1 Iˆ
+
2 ), represents the dipolar
coupling between the bath nuclei in secular form (see
Appendix A for details).
Under the action of the full Hamiltonian Eq. (2) the
product state in Eq. (1) evolves into an entangled state:
|Ψ(t)〉 =
[
|+〉n,e |B+(t)〉+ |−〉n,e |B−(t)〉
] |φ(t)〉e,n√
2
. (4)
The coherence decay is calculated from either Le(t) =
〈Ψ(t)| Sˆ+ |Ψ(t)〉 or Ln(t) = 〈Ψ(t)| Iˆ+ |Ψ(t)〉. For both
cases, |Le,n(t)| ∝ | 〈B+(t)|B−(t)〉 |, so disregarding a
constant prefactor 〈+| Sˆ+ |−〉 or 〈+| Iˆ+ |−〉, the coher-
ence has a (real) decaying envelope for the normalized
`-th bath spin pair contribution:
L (`)(t) =
∣∣∣〈B(`)+ (t)|B(`)− (t)〉∣∣∣ ≤ 1. (5)
The measured decays, whether Hahn echos or more com-
plex dynamical decoupling sequences, are obtained from
the combined contributions from many spin pairs:
〈L (t)〉 = 〈
∏
`
L (`)(t)〉 (6)
where the average is over all possible initial bath states,
and if required, an ensemble average over different spatial
realizations of the bath.
An accurate and insightful simplification arises if
γeω0  |J | or if γnω0  |C| where |J |, |C| denote typi-
cal values of the qubit-bath interaction. In that case, the
interaction Hamiltonian in Eq. (3) reduces to the Ising
form Hˆint = J1Sˆ
z Iˆz1 +J2Sˆ
z Iˆz2 +C
A
1 Iˆ
z
AIˆ
z
1 +C
A
2 Iˆ
z
AIˆ
z
2 , a sim-
ple diagonal energy shift in Iˆz1 terms relative to Iˆ
z
2 or a
detuning of bath spin 1 relative to bath spin 2. Referred
to as the pseudospin model,41 in this case, {|↑↑〉 , |↓↓〉}
bath states do not contribute while the dynamics of the
{|↑↓〉 , |↓↑〉} states is given by an effective state-dependent
Hamiltonian:
Hˆ± =
1
4
(∆±σˆz + C12σˆx) (7)
with the detuning ∆± ' ∆±e = ±(J1 − J2) for an
electronic qubit and ∆± = ∆e ± (CA1 − CA2 ) for a nu-
clear qubit. In the latter case, the electronic detuning
∆e ≡ |∆±e | represents a potentially large contribution
which is not sensitive to the qubit state. From Eq. (7)
decays (indirect and direct flip-flops) are deduced ana-
lytically and for the Hahn echo case we obtain:
L (`)(t) '
∣∣∣1− 2α(`)(α(`) + iβ(`))∣∣∣ , (8)
where α = sin(ω+t) sin(ω−t) sin (θ+ − θ−), β =
sin(ω+t) cos(ω−t) sin θ+ + sin(ω−t) cos(ω+t) sin θ− while
θ± = tan−1 (C12/∆±) and the eigenvalues ω± =
1
4
√
(∆±)2 + (C12)2, and we have dropped the ` indices
for convenience. The larger θ±, the larger the amplitudes
of the flip-flopping of nuclear spin-pairs which drives the
decoherence.
When considering the contribution of flip-flopping
pairs which are within the frozen core (the EP model be-
low), we obtained excellent agreement between the pseu-
dospin equations above and full numerical CCE provided
that the well-known perturbative correction for the non-
Ising (anisotropic) hyperfine terms,41 was added to the
dipolar coupling when using Eq. (8). In other words, for
the `-th cluster, in Equations (7) and (8) we take:
C12 = C
(D)
12 +
J1J2
ω0
(9)
where, C
(D)
12 is the dipolar interaction between nuclear
spins, allowing bath spins a long-ranged interaction me-
diated by the central electron, the second term in Eq. (9).
For a full CCE calculation, C12 = C
(D)
12 since the addi-
tional effective long-ranged interaction emerges naturally
if the full hyperfine interaction is included. For non-
equivalent pairs in the frozen core, |∆±| ' ∆e  |C12|,
thus θ± ' 0 and flip-flops become too strongly sup-
pressed. The qubit state sensitivity enters in Eq. (8)
mainly through the sin (θ+ − θ−) prefactor and is also
suppressed by ∆e. This imposes the further condition
|∆±n | = |(CA1 − CA2 )| & ∆e for a single individual pair to
contribute apppreciably to the decay.
Central to our modelling is the identification of spin
clusters within the frozen core which can contribute non-
negligibly to the decoherence of a proximate spin. We
now consider two models and apply them to the partic-
ular case of natural Si:P.
III. DECOHERENCE OF PROXIMATE SPIN
QUBITS
A. Far bath model
From numerical simulations with a very large spin
bath, we find that distant spin pairs outside the frozen
core radius RFC individually make an extremely small
5contribution to decoherence: the α ∝ sin (θ+ − θ−) pref-
actor scales the coherence decays in Eq. (8), since |L | ∼
1−α2(..). We can also show that the approximate weight
of the `-th pair, is of order (1/T
(`)
2 )
2 ∝ sin2 (θ+(`) − θ−(`)),20
assuming also the temporal character of the associated
magnetic noise is relevant: in other words, flip-flop fre-
quencies ω for the given pair cannot be orders of mag-
nitude different from ∼ 1/T2. For a non-negligible con-
tribution we would expect that Np| sin (θ+ − θ−)|2 ∼ 1
where Np is a representative number of contributing spin
pairs.
From the pseudospin model (leaving out the ` la-
bels), sin (θ+ − θ−) ' 2C12ω C
A
1 −CA2
ω , since ω
± ' ω =
1
4
√
∆2e + C
2
12. The first factor (
2C12
ω ) determines whether
the pair can flip-flop appreciably and is significant if
|C12/∆e| ∼ 1. The second factor, (C
A
1 −CA2 )
ω determines
state distinguishability. For the far spins, the hyper-
fine mediated correction plays little role since J1 and
J2 are small. For distances & 100 A˚, where the Fermi
contact component of the hyperfine interaction becomes
small, the dipolar electronic-nuclear hyperfine interaction
still makes a contribution to the detuning which is much
larger than (CA1 − CA2 ). Here,
(CA1 − CA2 )
ω
∼ (C
A
1 − CA2 )
J1 − J2 ∼ 10
−4 ' γn
γe
(10)
Thus the contribution of each such far bath spin pair is(
γn
γe
)2
∼ 10−8, so only a far bath with Np ∼ 108 con-
tributing spin pairs can produce significant decay. At
very large R, however, (CA1 −CA2 )/ω → (CA1 −CA2 )/C12
But there is a minimum value of the interaction C12 ≡
Cmin12 where (C
min
12 )
−1 sets a timescale below which the
bath noise is too slow to contribute. As R → ∞, then
(CA1 − CA2 )/Cmin12 → 0 thus there is a maximum radius
Rmax beyond which the far bath does not contribute sig-
nificantly to decoherence.
We tested this analysis numerically by means of CCE
calculations using a very large bath of nuclear spin pairs
(excluding EPs) and testing the effect on coherence de-
cays of increasing the size of the bath. Figure 3 shows
convergence with respect to bath size for Hahn echo de-
cays, for a nuclear spin at the origin (thus expected to
give an upper bound on the coherence). The C12 ≡
Cmin12 ∼ 0.01 − 0.1 Hz bound indicates that the pairs
are within 40−50 A˚ of each other and the calculation is
converged with respect to bath size if we include 5× 108
spin pairs within Rmax . 350 A˚ of the origin. The scale
of the bath is remarkable, in comparison with comparable
electronic decoherence calculations with ∼ 104 pairs.
Although it is computationally feasible to solve for a
bath of this magnitude by CCE2 or pseudospin methods,
the uniformity of the bath means that it is reliable to
evaluate L in a smaller but geometrically representative
sample of the bath. In addition no averaging over bath
realisations was required: the results are insensitive to
whether one has a single spin or an ensemble.
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FIG. 3: Convergence of large bath model with respect to
intrabath dipolar coupling (a) and with respect to bath size
(b). The figure indicates that decoherence is dominated by
spins with C12 ∼ 0.01 − 1 Hz and a bath of spins within
R . 350 A˚ of the origin, combining the contributions from
5 × 108 spin pairs. Calculations were performed for the case
of Si:P, for X-band and magnetic field orientation B0 = [100],
yielding a T2n of 2 s for a single nuclear
29Si spin sited at the
origin. This represents an estimate for the upper bound for
the coherence time if the far bath is the dominant process.
Due to the large nuclear spin bath, the coherence decays are
insensitive to the choice of random spatial realization of the
bath.
B. Equivalent pairs model
The isotropic part of the hyperfine interaction is mod-
eled using the Kohn-Luttinger (KL) wavefunction which
is an approximation of the ground state wavefunction of
the donor electron developed onto Bloch wavefunctions
and parametrized by the experimental ionization energy;
for phosphorus donors, Ep = 0.044 eV (see Appendix A
for details). We can estimate the local densities of suit-
able EPs in the isotropic case before considering effects
from any anisotropies in the hyperfine coupling.
The Si crystal structure can be described by a simple
cubic lattice with a parameter a0 = 5.43 A˚ and an 8-site
basis. All atomic sites are represented by an integer vec-
tor n = [n1, n2, n3]. In our simulations, the full lattice
size ranges over [−N,N ] cubic cells for each dimension,
resulting in 8N3 unit cells and hence 64N3 total atomic
sites. Owing to the symmetry of the system, each site
possesses several potential equivalent partners, for which
positions can be deduced from any allowed permutations
of [±n1,±n2,±n3]. We can assign each vector n to a
shell s comprising ns = 48, 24, 12, 8, 6 or 4 partners and
we first obtain Nns(N), the number of shells comprising
ns partners within a radius of R = Na0 from the center.
The ranges were adjusted to ensure summation over com-
plete shells (see Appendix B for details) and we obtain
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FIG. 4: Density of equivalent pairs (EPs) as a function of
distance. The separate contributions from different types
of shells is shown as well as the total density assuming a
purely isotropic contact interaction (left) or a correction for
anisotropic behaviour (right). The density of EPs is approx-
imately constant for R & 10 A˚, but the innermost proximate
spins typically interact with fewer EPs.
estimates for Nns(N):
N12(N) = 4N
2
N24(N) =
4
3
N(N2 − 1) +N2
N48(N) =
2
3
N3 −N2 + N
3
, (11)
while N8(N) = N6(N) = N,N4(N) = 2N . Then as-
suming a binomial distribution, taking an abundance of
p = 0.0467 for nuclear spin impurities in natural silicon,
the estimated average number of significant EP in each
shell is:
ζns '
∑
k
(
ns
k
)
pk(1− p)ns−k k(k − 1)
2
, (12)
where
(
n
k
)
= n!k!(n−k)! is the binomial coefficient. For the
two dominant shells ζ48 ∼ 2.3 and ζ24 ' 0.6. In these
cases, it is quite likely that any impurity spin has an
equivalent partner somewhere, albeit remotely located.
Nevertheless, due to the long-range electron-mediated
coupling, a C12 of about tens of Hz is present. Within a
sphere of radius N cubic cells, we expect the total num-
ber of EP to be simply:
NEP '
∑
s
ζnsNns(N). (13)
For instance, within a radius of R = 100 A˚, we find
NEP ' 19, 000. For a proximate nucleus however, one
member of the pair must be dipolar-coupled to the reso-
nant spin (cf. caption of Fig. 1) which is relevant within
about m ∼ 3 cubic cells. Each nuclear qubit thus inter-
acts with other nuclei in the neighbouring (2m)3 ∼ 200
cells. We can define a density of spin pairs:
D(ns, N = R/a0) =
ζnsNns(N)
(2N)3
, (14)
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FIG. 5: (Colour online) Top panels: calculated Hahn echo
decays for proximate spins in a natSi:P system for (a) J =
0.1 MHz and (b) J = 3.8 MHz; blue: isotropic hyperfine
coupling; red: includes anisotropy correction. (c) Calculated
T2n values. There is a weak trend for T2n to increase as
the hyperfine coupling increases (red line is a fit), possibly
indicative of the decreasing density of EPs as R → 0. In the
far bath model (grey dots), the slight increase in decoherence
with lower J (grey line) reflects the fact that the lower J
proximate spins are slightly closer to the far bath. Coherence
times were obtained from decays averaged over 100 spatial
realizations of the bath, but typical single realizations gave
the same timescale of decoherence.
which gives the mean number of EPs in each cubic cell
as a function of distance, R = Na0 from the electron.
We see in Fig. 4 that the mean number for large R is
about 0.2 − 0.3 pairs per cubic cell (cf. left panel), thus
each nuclear qubit interacts with ∼ 50 potential EPs if
anisotropy is neglected.
For the numerical calculations of the echo decays, we
carried out a careful search, retaining about 500 equiv-
alent spin pairs and averaging over 100 realisations of
a randomly generated lattice population with 4.67% of
sites occupied by 29Si spins. Two sets of calculations
of the Hahn echo decays were carried out. The first
employed only the isotropic contact interaction and ne-
glected anisotropic components of the hyperfine interac-
tion. These calculations provide a lower bound for the
T2n and predicted decay rates T2n ∼ 0.2 − 0.3 s for dif-
ferent values of J (see Appendix C for further details).
A second set of calculations attempts to account for
the anisotropy, which is less easy to calculate reliably.
We assumed that any degree of anisotropy detunes spin
pairs so much that their contribution became negligible.
In effect, this model provides an upper bound for the
7expected T2n as not all shells are affected by anisotropy.
Thus to remain an equivalent pair we required that spins
have the same (nˆB ·n)2, where nˆB is the direction of the
magnetic field. The effect is to reduce the symmetries
but to increase the number of shells, i.e. for nˆB = [1, 0, 0]
and the main shells with ns = 48, 24, 12 partners, we
have ns → ns/3 and therefore Nns → 3Nns (cf. Fig. 4
right panel).
IV. COHERENCE DECAYS
We have calculated coherence decays for a represen-
tative set of proximate nuclear spins by comparing the
effect of a large far bath model with a new model in-
troduced here, based on the effect of symmetrically-sited
spin pairs, the equivalent pairs (EPs). The correspond-
ing T2n are shown in Fig. 5 along with the comparable
far bath results. We found that, in both cases, T2n is of
order 1 second with a weak dependence on J – in both
cases, the coherence times tend to increase with larger J ,
a trend also seen in recent experiments.38
For the EP model we treat the anisotropic correc-
tion simply as a symmetry lowering effect; this is plausi-
ble as the resultant detuning would be extremely large.
Presently, it is not possible to fully include anisotropy
using the KL wavefunction; typically, the dipolar correc-
tion within this framework is included with a Heaviside
function,21 and is thus neglected for R . 20A˚. Given
other uncertainties, these two EP calculations provide
an upper and a lower bound to T2n. As both results are
on the seconds timescales, they suffice for the practical
aim of establishing the proximate nuclear spins as useful
qubits.
If the Si:P wavefunction exhibits a degree of spatial
symmetry comparable with the KL wavefunction, then
the EPs could be the dominant mechanism, albeit only
slightly. However, it is likely that such symmetries are at
least partly broken; in that case, the far bath would limit
T2n. Given the uncertainties in the KL wavefunction,
at present it is not possible to determine accurately the
contributions of EPs relative to the far bath, but as –
fortuitously – the timescales are comparable, one can still
conclude that the resulting T2n is about 1 second.
To facilitate comparison with ensemble experiments,
the EP results are averaged over many realizations (the
far bath model coherence decays are fully insensitive to
ensemble averaging). In the EP model, decoherence is
primarily due to an indirect flip-flop process and this
arises from several dozen such EPs. Thus, although re-
sults from single donors fluctuate between realisations,
the corresponding order of magnitude for T2 remains on
the one second timescale, whether ensemble averaging is
carried out or not. The exception is the atypical realiza-
tion where the central spin happens to have an equivalent
site it can directly flip-flop with. For proximate central
spins, usually in inner shells with ns = 4, 8, 12 this is un-
likely. We find that the small subset of such realizations
decohere rapidly. They contribute little to the ensemble
averaged T2n ∼ 1 s values but would clearly be unsuit-
able as qubit registers unless some strategy to exploit the
degeneracy is envisaged.
V. CONCLUSION
We have investigated the coherence of nuclear spins ly-
ing within the so-called “frozen core” within a quantum
bath framework. We have calculated the coherence using
a very large far bath of spins lying outside the frozen core.
We also introduced here a new model, based on equiva-
lent pairs (EPs) deep within the so-called “frozen core”,
which we argue would limit the phase coherence of prox-
imate nuclear spins – provided the electronic wavefunc-
tions has the symmetries of the KL wavefunction (or even
an alternative model with comparable levels of symme-
try). Within the EP model, decoherence is primarily due
to an indirect flip-flop process arising from a few dozen
such EPs. Our quantitative results are indicative: a more
refined investigation should consider improved wavefunc-
tions, more accurate than the KL wavefunction.44 Exper-
imental investigation of the behaviour including depen-
dence on symmetry-breaking mechanisms (such as crystal
orientation and strain) will be useful to test this proposal.
Our models predicts 29Si nuclear spin coherence times
of order 1 second (using only a Hahn echo), which is con-
sistent with recent experimental measurements,38 show-
ing such spins could be useful as potential qubits.
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Appendix A: Dipolar and hyperfine interactions
The dipolar interaction strength Cij between two nu-
clear spins i and j with gyromagnetic ratios γi and γj ,
defined in the main text (C12) is given by
Cij(rij , γi, γj , θij) =
µ0
4pi
γiγj~
(1− 3 cos2 θij)
r3ij
, (A1)
where rij the inter-nuclear separation, µ0 = 4pi ×
10−7 NA−2 and θij denotes the angle between the mag-
netic field and the line connecting the two nuclei.21
The hyperfine interaction is the magnetic interaction
between an electronic spin Sˆ and a localized nucleus Iˆ.
Due to the large mismatch between electronic and nuclear
gyromagnetic ratios and a sufficiently strong magnetic
field, it can be written in secular form:21
HˆHF = (J(r)− Cen(r, γe, γn, θ)Θ(r − r0)) Sˆz Iˆz, (A2)
8where r is the electron-nuclear separation vector, r ≡ |r|
and the electron-nuclear dipolar interaction Cen is non-
zero for r > r0 (r0 ≈ 20 A˚ for Si:P).
The first term in Eq. (A2) is the isotropic Fermi con-
tact interaction. For a donor electron interacting with a
nucleus, the strength J is given by (see e.g. Ref. 21)
J(r) = P [F1(r) cos (k0x)
+ F2(r) cos (k0y) + F3(r) cos (k0z)]
2. (A3)
Here, r = (x, y, z) and k0 = (0.85)2pi/a0 with lattice
constant a0. The prefactor P contains the electronic and
nuclear gyromagnetic ratios (γe and γn), and the charge
density on each atomic site η,
P =
4
9
γSγI~ηµ0. (A4)
The relevant envelope functions of the Kohn-Luttinger
(KL) model wavefunction are:
F1(r) =
exp
[
−
√
x2
(nb)2 +
y2+z2
(na)2
]
√
pi(na)2(nb)
, (A5)
F2(r) = F1(r) with {x→ y, y → z, z → x}, (A6)
F3(r) = F1(r) with {x→ z, y → x, z → y}, (A7)
where a and b are lengths characteristic to the donor and
n =
√
0.029 eV/Ei with the electron ionization energy
Ei in eV.
Appendix B: Counting equivalent sites
Equivalent sites are those with the same hyperfine in-
teraction which we obtain using the KL model wavefunc-
tion described above. We begin by considering the al-
lowed coordinates of the impurities in the crystal. The
Si crystal structure can be described by a simple cubic
structure with lattice parameter a0 = 5.43 A˚ and an
8-site basis. All atomic sites are represented by an in-
teger vector n = [n1, n2, n3] which are obtained from
translations (modulo 4) in all directions of the 8 ba-
sis vectors [0,0,0], [0,2,2], [2,0,2], [2,2,0], [3,3,3], [3,1,1],
ns 48 24 12
Class
1 24N2(N − 1) 12N(3N − 1) 12N
2 8N(N − 1)(N − 2) 36N(N − 1) 12N
3 – 16N(N − 1)(2N − 1) 24N(2N − 1)
TABLE I: Class contribution to the equivalent sites group as
a function of N .
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FIG. 6: Simulations of decays the coherence decays of a set
of proximate spins corresponding to J = 0.1 (a), J = 0.3 (b),
J = 0.5 (c), J = 0.7 (d), J = 1 (e), J = 3.8 (f) MHz. The blue
lines correspond to isotropic coupling only and yield T2n ≈
0.2 − 0.3 s; red lines show the effect of symmetry reduction
due to the anisotropy of couplings: we compare the effect of
the further desymmetrisation if we constrain EP to have in
addition the same orientation condition (same (nˆB · n)2 as
discussed in main text). The effect is to produce T2n in the
seconds timescale.
[1,3,1], [1,1,3]. For simplicity, we can sort these vec-
tors into three classes: class 1 contains [0,2,2], [2,0,2],
[2,2,0], class 2 contains [0,0,0] and class 3 [3,3,3], [3,1,1],
[1,3,1], [1,1,3]. To ensure counting over complete shells
described by the basis vectors, summations must range
between [−N,N ] for the 2 coordinates and [−N,N − 1]
for the 0 coordinate of class 1 giving 4N2(2N + 1) num-
ber of sites; between [−N,N ] for class 2 giving (2N +1)3
number of sites and between [−N,N − 1] for class 3 giv-
ing 8N3 number of sites. Owing to the symmetry of the
system, each site possesses several equivalent partners
with positions which can be deduced by permutations of
[n1, n2, n3] and which lie on the surface of shells of radius
R = a04
√
n21 + n
2
2 + n
2
3. By consideration of the symme-
tries of the KL wavefunction we can assign each vector n
to a group of ns = 48, 24, 12, 8, 6 or 4 partners. For each
class, the contribution to a shell comprising ns partners
within a radius of R = Na0 of the center as a function
of N is summarized in Table I. Additionally, class 2 con-
tributes as 8N to ns = 8 and as 6N to ns = 6 and class
3 contributes as 8N to ns = 4.
Finally, in Fig. 6 we compare the effect of the further
desymmetrisation if we constrain EP to have in addition
the same anisotropy correction, i.e. same (nˆB · n)2.
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